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Abstract
Recently, Fink [J. Fink, Perfect matchings extend to Hamilton cycles in hypercubes, J. Combin. Theory Ser. B 97 (2007)
1074–1076] affirmatively answered Kreweras’ conjecture asserting that every perfect matching of the hypercube extends to a
Hamiltonian cycle. We strengthen this result in the following way. Given a partition of the hypercube into subcubes of nonzero
dimensions, we show for every perfect matching of the hypercube that it extends on these subcubes to a Hamiltonian cycle if and
only if it interconnects them.
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The n-dimensional hypercube Qn is a graph with all binary vectors of length n as vertices and with edges joining
every two vertices that differ in precisely one coordinate. The study of perfect matchings and Hamiltonian properties
of hypercubes has attracted much attention in the past; see for example [3] for further references.
Kreweras [2] conjectured that every perfect matching of Qn where n ≥ 2 is contained in some Hamiltonian cycle.
Recently, Fink [1] affirmatively answered this conjecture by proving a stronger result for the complete graph on the
vertices of Qn , denoted by K (Qn).
Proposition 1 ([1]). For every perfect matching P of K (Qn) where n ≥ 2 there exists a perfect matching R of Qn
such that P ∪ R forms a Hamiltonian cycle of K (Qn).
For technical reasons, let us define that the complete graph on two vertices x and y has a Hamiltonian cycle formed
by P ∪ R where P = R = {xy}. Note that by this definition, Proposition 1 holds also for n = 1.
In this paper, we strengthen Proposition 1 with an additional requirement that the matching R avoids a given set F
of forbidden edges of Qn . Namely, we characterize the case when F splits Qn into subcubes of nonzero dimensions.
A k-dimensional subcube of Qn is an (induced) subgraph of Qn isomorphic to Qk . By convention, a single vertex
is considered to be a hypercube of zero dimension.
For the purpose of induction, our statement is formulated for induced subgraphs of the hypercube. For a set
A ⊆ V (Qn) let Qn[A] be the subgraph of Qn induced by A, and let K [A] be the complete graph on A.
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A set F of edges of Qn[A] is a subcubic partition of a set A ⊆ V (Qn) where n ≥ 1 if each component of
Qn[A] − F is a subcube of nonzero dimension. Note that by this definition, the empty set is a subcubic partition of
Qn where n ≥ 1. In the following, we consider only sets that have subcubic partitions.
For (possibly intersecting) sets F and P of edges of a graph G, let G−F+P be the graph (V (G), (E(G)\F)∪P).
Let [k] denote the set {1, . . . , k}.
Theorem 2. Let F be a subcubic partition of a set A ⊆ V (Qn) where n ≥ 1, and let P be a perfect matching of
K [A]. Then, there exists a perfect matching R of Qn[A] − F such that P ∪ R forms a Hamiltonian cycle of K [A] if
and only if Qn[A] − F + P is connected.
Proof. Clearly, if Qn[A] − F + P is disconnected, then there is no perfect matching R with the desired properties,
otherwise P ∪ R would be a connected spanning subgraph of Qn[A] − F + P .
For the other direction, let A1, . . . , Am be the partition of A such that each Ai induces a component of Qn[A]− F .
Since F is a subcubic partition, each Qn[Ai ] is a subcube of nonzero dimension. We proceed by induction on m, the
number of components of Qn[A] − F . If there is only one component; that is, F = ∅, then we apply Proposition 1 on
the subcube Qn[A] and we are done.
Now m > 1. We split A into A′ = A \ Am and Am . Let K1 = K [A′], K2 = K [Am], Fi = F ∩ E(Ki ),
Pi = P ∩ E(Ki ) for i ∈ {1, 2}, and P3 = P \ (P1 ∪ P2). Furthermore, let Bi be the set of all vertices of V (Ki )
uncovered by Pi for i ∈ {1, 2}. For x ∈ B1 let x ′ ∈ B2 be the vertex such that xx ′ ∈ P3. Note that F1 is a subcubic
partition of A′ and that F2 = ∅, which is a subcubic partition of Am .
First, we find a perfect matching S1 ⊆ E(K1) of B1 such that
Qn[A′] − F1 + (P1 ∪ S1) is connected. (1)
Let T1, . . . , Tk be the partition of A′ such that each Ti induces a component of Qn[A′] − F1 + P1. Note that the
partition A1, . . . , Am−1 refines the partition T1, . . . , Tk ; that is, each Ai is contained in some T j .
Since Qn[A] − F + P is connected, B1 intersects every component Ti . Moreover, since every vertex of Ti \ B1 is
covered by the perfect matching P1 and |Ti | is even, it follows that there are two vertices xi , yi ∈ B1 ∩ Ti for every
i ∈ [k]. Choose a perfect matching S1 ⊆ E(K1) of B1 such that xi yi+1 ∈ S1 for every i ∈ [k − 1] and other vertices
of B1 are matched arbitrarily. Thus S1 interconnects all components of Qn[A′] − F1 + P1 so (1) holds.
Now, applying induction on the subcubic partition F1 of the set A′ and the perfect matching P1 ∪ S1 of K1, we
obtain a perfect matching R1 of Qn[A′] − F1 such that P1 ∪ S1 ∪ R1 forms a Hamiltonian cycle of K1. Further, we
define a perfect matching S2 ⊆ E(K2) of B2 as
S2 = {x ′y′ ∈ E(K2) | there is a path between x and y in P1 ∪ R1}.
Finally, applying Proposition 1 on the subcube Qn[Am] with the perfect matching P2 ∪ S2 of K2, we obtain a perfect
matching R2 of Qn[Am] such that P2 ∪ S2 ∪ R2 forms a Hamiltonian cycle of K2. Put R = R1 ∪ R2 and observe that
R is the perfect matching of Qn[A] − F such that P ∪ R forms a Hamiltonian cycle of K [A]. 
The following corollary shows how Theorem 2 particularly relates to the original problem. An edge xy ∈ E(Qn)
is in dimension d ∈ [n] if vertices x and y differ in the d-th coordinate.
Corollary 3. Let D ⊂ [n] be a set of dimensions and P be a perfect matching of Qn . There exists a perfect matching
R of Qn such that R avoids dimensions D and P ∪ R forms a Hamiltonian cycle of Qn if and only if Qn − F + P
is connected where F is the set of edges in dimensions D.
Theorem 2 also gives a nontrivial sufficient condition on two disjoint sets of edges of Qn so that there is a
Hamiltonian cycle of Qn that contains the first set and avoids the second set.
Corollary 4. Let P and F be two disjoint sets of edges of Qn where n ≥ 1. If there is a perfect matching P ′ ⊇ P
of Qn and a subcubic partition F ′ ⊇ F such that Qn − F ′ + P ′ is connected, then Qn has a Hamiltonian cycle that
contains P and avoids F.
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